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Abstract. Abstract The aim of the present article is to establish the con- 
nection between the existence of the limit along the normal and an admissible 
limit at a fixed boundary point for holomorphic functions of several complex 
variables. 
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1. Introduction 

The connection between the existence of a radial limit and an angular limit for a 
holomorphic function defined on the unit disc is described by Lehto and Virtanen 
Theorem 5] in terms of the growth of the spherical derivative. 

For a precise description we introduce several terms and notation. 

Let U — {z <G C : \z\ < 1} be a unit disc inC. Let a > 1. A non-tangential region 
r a (£) for a > 1 and an angular region Ag(^) for 9 £ (0,2tt) at £ € dU are defined 
as follows: 

r Q (£) = {ze£/:|i-^|<f(i-M 2 )}, 

A 9 (Z) = {zeU :n-9< arg(z - f ) < tt + 0}. 

It is to be noted that non-tangential regions and angular regions are equivalent: For 
every a > 1 there is a 9 € (0, ~ ) such that T Q (£) C Ag(£) and for every 6 € (0, §) 
there is an a > 1 and a disk d centered at £ such that Ag(£) n d C r Q (£). 

To see this let d\ be the be the unit disk with center £, z € U and <p = n — 
arg(z — £). From the law of cosines 

|z| 2 = l-2cos(^-z| + |£-z| 2 . 



Since |£| = 1 we have |£ — z\ = |1 — z£| and 

|l-^l _ 



l-|z| 2 2cosp- 

Thus, 

1 <^4! for.eC/, 



2cos(/3 1 — |z| 

and 



' Z ^ < forze UDdi. 



1 — |z| 2 cos tp 
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We say that a holomorphic function function / in U [notation / 6 0(U)] has 
the non-tangential limit L at £ £ dU if f(z) — > L as z — > £, z € r«(Oi nas radial 
limit L at £ if lim t _j.i /(t£) = £. 

Define the spherical derivative of f(z) to be 



/*(*) 



l + l/(z)r 

Now we can reformulate Theorem 5 in [5] as follows: 

Theorem 1.1. If f e 0(i7) ^as a radial limit at the point £ G 9C/, t/ien it has 
an non-tangential limit at this point if and only if for any fixed a > 1 in the non- 
tangential region T a (£) 



(1.1) 

Let B n = {z e C" 
£> a (0 C B n such that 



|^| < 1} be a unit ball in (7 

Ml<f(i-M 2 ), 



ri > 1. Consider the set 



II 



where (z, £) = zi^ + z 2 £„ and \z\ 2 = (z, z). 

Following Koranyi [4] , we say that a holomorphic function / in B n (henceforth, 
in symbols, / £ 0(B n )) has admissible limit L at £ if for every a > 1 for every 
sequence {z J } in Z? a (£) that converges to £, /(^ J ) — > £ as j — > oo. (The case L = oo 
is not excluded.) 

It is clear that the notions of admissible limit and non-tangential limit coincides 
when n = 1. 

The real tangent space to dB n at point £ contains the complex tangent space 
T£(dB n ) and C™ can be splitting C n = N s (dB n ) © T£(dB n ). The complex line 
N^(dB n ) is called the complex normal to d-B™ at point £. 

For each z near 9i3 n denote by ((z) the point on <9i3™ closest to z. Choose the 
coordinate system z\,...,z n in C™ such that Q{z) — 0, T§(dB 2 ) = {(0, Z\, 
and = {(zi, 0, . . . , 0)} and Vq — (i, 0, 
Set 'z = (z 2 , . . . , z n ). Then B" = {z£ C" : |2i - i 

Let polydisc P c (z) is defined to be the set of all z € 
zi,...,z„ in C" satisfy the inequalities \z\ — \z\\ < c(l — |z|) 



, 0) is the inner normal to dB n at ((z). 
\zi ^ ' ^~ 12 

C™ whose coordinates 



< cv/r 

12 



1*1. 

2 < 



/i = 2, . . . ,n, where c < l/v2. For every z € P c (z) we have \zi — t\" + \'z% 
2|z! - |z|| 2 + 2||z| - 1| 2 + |'z 2 | 2 < 2c 2 (l - |z|) 2 + [{n - l)c 2 + 4](1- |z|) < [4+ (n + 
l)c 2 ](l - |z|) < 1 for all z sufficiently close to dB. It follows P c (z) C B for all z 
sufficiently close to dB. The one variable Cauchy's estimate shows that 



(1.2) 



9f 



H*) 

zi V ' 



ill 

<>'■! 



Hz) 



< 



< 



SU P(»£F( Z » \fi w )\ 

c{l-\z\) 

su P{ m gP(.z)} /O) 
Cy/l^\7\ 



This shows that in several variables the complex normal and complex tangential 
directions are not equivalent, therefore we will distinct the spherical derivative of 
/ in point z in the complex normal direction ( = J^-(z) /(l + |/(z)| 2 )) and the 



complex tangential directions ( = J^-(z) /(l + |/(z)| 2 ), jj, = 2, . . . , n) 
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Theorem 1 1.1 1 fail to be true in several variables. Look at the function /(zi, 22) = 
YZ^- It is holomorphic and bounded in B 2 , since \f(z)\ < (1 — |zi|) 2 /(l — |zi|) < 2. 
From (|1.2[) follows that spherical derivative of / in the complex normal and complex 
tangential direction grows no faster than 2c/ (1 — \z\) and 2c/ y/1 — \z\ respectively. 
But this is not sufficient in order that the existence of a limit along the normal for 
the function / should imply the existence of an admissible limit. 

Indeed, put z j = (1 - 1/j, l/Vj) for j = 4, 5, It is clear that z j ' ^ C = (1) 0) 

as j — > 00. A simple calculation shows that z 1 C 2? Q (C) if 3 i s sufficiently large. 
Notice that lim r _ s .i_ f(rQ — lim r _s.i_ = and f(z^) = — 1> an d so / does 
not have admissible limit at (. 

However, for n = 1 in the estimate (jl.lj) (if a limit along the normal exists) 
we can replace the right-hand side by o(l). It turns out that this refined estimate 
solves the problem for n > 1. 

It was proved in [3] that if / € 0(B 2 ), the spherical derivatives of / in normal 
direction increases like o(l/(l — \z\)) and spherical derivatives of / in complex 
tangential direction increases like o(l/ \J\ — \z\) then the existence of a limit along 
the normal for the function / should imply the existence of an admissible limit. 

The main result of the article is the analogous result for arbitrary domains with 
C 2 -smooth boundary in C", n > 1. 

Montel [5] used normal families in a simple but ingenious way to investigate 
boundary behavior of holomorphic functions in angular domains. We apply his 
method to investigate boundary behavior of holomorphic functions of several com- 
plex variables in admissible domains. 

2. A CRITERION OF EXISTENCE OF ADMISSIBLE LIMITS 

If D is a bounded domain in C™, n > 1, with C 2 -smooth boundary dD, then at 
each £ g dD the tangent space T£(dD) and the unit outward normal vector are 
well-defined. We denote by T{r(dD) and N£(dD) the complex tangent space and 
the complex normal space, respectively. The complex tangent space at £ is defined 
as the (n— 1) dimensional complex subspace of T^(dD) and given by T?{dD) ={z£ 
C n : (z,w) — 0,Vui € Ng(dD)}, where (•, •) denotes canonical Hermitian product of 
C". Let S(z) denotes the Euclidean distance of z from dD and p(z,T^(dD)) is the 
Euclidean distance from z to the real tangent plane T^(dD). 

An admissible approach domain A a ((,) with vertex £ £ dD and aperture a > 
is defined as follows [8]: 

(21) A a (£) = {z£D :\(z-Z,vt)\<(l + a)8 e (z),\z-tf<a8t(z)}, 
[ ' ' 5 ( {z) = mm{S{z,dD),p{z,T e {dD))}. 

It is well known that the introduction of 5^(z) and the second condition in (|2.1|) . 
i.e. \z — £| 2 < a5^(z) only serves to rule out the pathological case when dD has 
fiat or concave points. For a ball B n = {z£ C" : \z\ < 1} the set D a (^) essentially 
coincides with (|2.ip . 

Definition 2.1. The function /, defined in a domain D inC n has a limit L, L gC, 
along the normal v% to dD at the point £ iff lim^o/(£ ~ ^f) = L; f has an 
admissible limit L, at £ € d-D iff 

lim f (z) = L 
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for every a > 0; / is admissible bounded at £ if sup^^^-, \f(z)\ < oo for every 
a > 0. 

Let ccj , be the real coordinates of z G C™ such that Zj — Xj + iyj . At times it 
will be convenient to use real variable notations by identifying z with (x\, G R 2n , 
where £ = (yi, X2, y2, ■ ■ ■ , x n) y n ) G R 2 ™ -1 . After a unitary transformation of C", 
if necessary, we may assume the inner normal to dD at points the positive x\ 
direction, Tfi(dD) = {z G C™ : Z\ = 0}. Let vr : C n -> iV be an orthogonal 
projection, i.e., if z = (zi, . . . , z n ) then n(z) — (z\, 0, . . . , 0). 

Without loss of generality, there is a real valued C 2 function ip defined on 
T (dD) = {(0,C), C G R 2 "- 1 } so that dD = {(^(C),C).C G R 2 " -1 } and £> = 
{{x\, £), xi > "0(C)}. (This is certainly true in the neighborhood of by the implicit 
function theorem, and our concerns are purely local here.) The fact that Tq(8D) is 
tangent to dD at implies V0(O) = 0. 

For z = (xi, C) G D we set 

d(z) = min{a;i, xi - V'(C)}, 
and define an approach region 

(2.2) A a (£) = {zeD: \z\ 2 < ad(z), \ Vl \ < axj. 

The regions ^4 Q (£) are "equivalent" to the admissible approach regions (see [7J 
Lemma 5.2]) in the sense that 



Set 
where 



( V F) 2 = d 2 (z)\ Vl F(z)\ 2 + d(z)\ V o n F(z)f 



dF 



2 „, ,,0 Al<9F 



IVl^)| a = , IV2,nF(z)| 2 = >^— (z) 



2 _ 

J'=2 



2 



9zi 

We begin with proposition. 

Proposition 2.2. Le£ D be a domain in C™, n > 1, witt C 2 -smooth boundary. 
Suppose that the function f G 0{D) has a limit L along the normal to dD at 
the point £ equal to L, L 00. If 

(i + \f{ z )\ 2 y^f{z) 

is admissible bounded at £, then f admissible bounded at £. 

Proof. Assume £ = 0. Since the domain D has C 2 -smooth boundary, then there is 
a constant r > such that the ball B r (—rvo) C -D and dB r (—rvo) D 3D = {0}. 

Let the function / has the finite limit L along the normal vq to dD at the point 
0. Since d(z) > \r — z\ \ >r—\z\\ > ^{r 2 — \zi\ 2 ) for all z G B r {—rv ) sufficiency 
close to we have 

^ I^I 2 )t|^I < 1 1fff^L < O0-), * g A a (0) n K(^). 
1 + \f(^( z ))\ 1 + \f(^( z ))\ 

Therefore f(%(z)) fulfills all the hypotheses of Theorem 11.11 Hence f(%(z)) —> L 
as z -> 0, z G A«(Q) n N§(dD). 

Assume, to reach a contradiction, that / is not admissible bounded at 0. Let 
{z m } be any sequence of points from A a (0) such that z m — > as m — > 00 and 
f{z m ) — > 00 as m — > 00. 
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For the biholomorphic mapping $h(z) = (wi(z), . . . , w n (z)), where w\{z) = 
W ^ = 2c^/Wy A* = 2, . . • ,n, the polydisc 

P(b, c) = {ze C" : \z x - b x \ < cd{b), \ Wlt - 6 M | < c7d(6), /i = 2, . . . ,n, } 

is mapped to the unit polydisc U n — {w G C" : | w M | < 1, fj, = 1, ...,n}. By 
[3 Lemma 7.2] the exists c = c(a) such that P(b,c) C A2 Q (0) for all sufficiently 
small b g A a (0). Therefore with each point 6 S A a (0) sufficiently close to we 
can associate a function gi, — /(^^ (u>)) which is well defined and holomorphic in 
polydisc U n . 

By [7J Lemma 5.2] there exists c = c{a) so that if z = (xx,£) sufficiently small 
and \z\ < ad(z) we have d{z) > cx\. Let t be an arbitrary point of the interval 
[z m ,7r( 2 m )]. Note that xf > d(t) > cx? . 

Choose an integer N such that a < cN/2. From the definitions of the set A a (0) 
it follows that \z m - 7r(z m )| 2 < cNxf /2. Then any interval [z m ,7r(z m )] may be 
covered by k m poly discs, where k m < N + i, 

P m ,fc(c) = P(6 m < fe ,c) = 
{zeC n : 1^-6^1 <cd(6"*.*) ,| I < Cv^(F^),/i = 2,..., n} 

such that = (zf/0), 6 m ' fc - = z"\ & m < fc e [z m ,7r(z" 1 )], fc = 2,...,k m - 1, 
P m ,k(c/2) 3 & m < fc+1 (and hence i J m ,t(c/2)nP I „ ! t +1 (c/2) ^ 0) for all m > 1, k < k m . 
To each point b m,k we associate a function g m ,k — 9b m - k as above. 

Set G m — g m ,k m , m > 1. Since f{z m ) — > oo as m — > oo and P m ,fc m (c) 9 z m 
we have <?m,fc m (0) = f{z m ) — > oo as to — > oo. Suppose that there is a sequence of 
points {w m } which belongs to some polydisc P2, P2 C such that G m (w m ) -fi 00 
as m — > 00. It follows that the family {G m } is not normal in U n and by Marty's 
criterion (see, e.g., [5]) there are points p m £ P2 and vectors v m £ C™ with \ v m \ = 1 
such that 

(dG™ m (w m ),dG™ (v m )) 

where 

dG^{v m ) = Y,^r^p m K l - 

According to the rule of differentiation of composite functions 

f^(p™) = cV^ 1 )^;^), (M = 2, . . . ,n), 

where t m = ^ v l A (p m ) e P m ,i(c) C A 2a {0). By [71 Lemma 5.2] there exists ci = 
min{I/2, l/2A"a} so that if z — (xi,C) € ^2q(0) is sufficiently small then xi > 
d(z) > c x x x . Since = xf and (1 - c)xf < Ret^ < (1 + c)xf we have 

ci < riffr"'- 1 ) < I 



1 + c ~ d{t m ) ~ ci(l - c) 
This, together with the Bunyakovskii-Schwarz inequality, implies from (|2 . 3[) that 
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It follows that i s n °t admissible bounded in 0, a contradiction with 

hypothesis of the theorem. Therefore sequence {G m } converges uniformly on com- 
pact subsets of U n to oo. Put now G m — g m ,{k m -i}, m > 1. (Note that we set 
9m,{k m -i] = 9m,k m if k m - 1 < 0.) Since P m<km _ 1 (c/2) n P m , km (c/2) ^ we have 
G m (0) -4ooasm->oo and we may repeat the above argument. After finite num- 
ber of steps the proof will be completed since P m ,i{c) 9 7r(z m ) and /(7r(z m )) — > L 
as m — > oo. We get (V/(z)) 2 / (1 + \ f(z)\ 2 ) 2 is not admissible bounded in 0, contrary 
to the hypothesis on V/(z)/(l + |/(z)| 2 ). This contradiction proves our claim. □ 

Theorem 2.3. Let D be a domain inC n , n > 1, with C 2 -smooth boundary. If a 
function f holomorphic in D has a limit along the normal z/£ at a point £ € dD, 
then it has an admissible limit at this point if and only if for every a > 

(2.4) (l + |/(z)| 2 )- 1 V/(z)^0 

as z —> £, z G A a (£). 

Proof. Necessity. Assume £ = 0, without loss of generality. First, let / has finite 
admissible limit L at 0. Without loss of generality, assume L = at 0. Let -Pi(z) 
denote the polydisc centered at z, whose radii are essentially cx\, c^fx\, . . . , Cy/xi, 
with c sufficiently small. By [Jj Lemma 7.2] exists c = c(a) such that Pi(z) C 
A-2a(0- Let P(z) denote the polydisc centered at z, whose radii are essentially 
cd(z), CyJ d(z), . . . , cyj d(z). Since d(z) — min{a;i,xi — VKC)} < x i we have P(z) C 
Pi(z) C D. The one variable Cauchy's estimate shows that 

\vJ(z)\< SUP ^f iw)l , 



CyJ d(z) 

Since f(z) — > as z ~ > 0, z £ A a (0), we have 

V/(z) -> 

as z -> 0, z € A a (0). It remains to observe that V/(z) > (1 + |/(z)| 2 )" 1 V/(z). 

If the function / has an admissible limit at the point equal to infinity, then 
for any a > there is a e > such that l/f e O(A a (0)) n S E (0)). The function 
F = 1/ f has an admissible limit equal to zero at the point 0, so, as we have proved, 
F satisfies (|2.4j) . It remains to observe that outside the zeros of / we obviously 
have (1 + \F(z)\ 2 )^VF{z) = (1 + |/(z)| 2 )y 1 V/(z). 

Sufficiency, (a) Suppose that the function f has a limit L along the normal Vq 
to dD at the point equal to L, L ^ oo. 

We may assume, without loss of generality, that L = 0. Write 

/(z) = {/(z) - /(z 1; 0, . . . , 0)} + f(z 1} 0, . . . , 0). 

The first term on the right side is dominated by |z(l)— z(0)| sup{ 0<t<1 j |V2,n/( z (*))li 
where z(t) = {z\, z$b, . . . , z n t), t 6 [0,1], If z e A a (0), then by [71 Lemma 7.3] 
z(t) E AaiO), t € [0,1], and there d(z(i)) ~ d{z) while |z(l) - 2(0) | < a^/d(z). 
(The expression A m B means that there are positive constants ci and ci such that 
c\A < B < C2A.) By Proposition ^. 21 f is admissible bounded in and therefore 

|z(l)-z(0)| sup I V 2,» /(«(*))! <0(1): V - /U(/ "' ,) 



{ 0<*<i} V '-' lJK W/l " v / l + |/(z(to)| 5 
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where < to < 1. Since y f(z(t ))/ (1 + \f(z(to))\) — > as z(to) — > we have that 
f(z) - f(zi, 0, . . . , 0) -> as z in A a (0). Since /(£i,0, . . . , 0) -> as z ->• in 
A a (0) we conclude that 

lim f(z) = 0. 

Ac«(0)32->0 

The above proof is quite analogous to the proof in [8j p, 68]. 

(b) Let the function / has the infinite limit along the normal vq to dD at the 
point 0. Let {z m } be any sequence of points from ^4 a (0) such that z m — > as 
m —> oo. As in the proof of Proposition 12.21 let {G m }, be a sequence of function 
defined on U n . Then as in Proposition ^. 21 we obtain f(z m ) — > oo as m — > oo. Since 
the sequence of points {z m } was arbitrary, by definition this means that / has the 
admissible limit equal to infinity at the point 0. The theorem is proved. □ 

For each z near dD denote by £(z) the point on dD closest to z. Choose the 
coordinate system z\,. . . ,z n such that Q{z) = 0, and {z £ C™ : . . . , 0)} = 
N§(dD), and {z £ C" : (0, z 2 ,..., z n )} = T§{dD), and v = (1, 0, . . . , 0). Denote by 
grad^F = (j^, • ■ • , the complex gradient of function F. Write also 

, iF> 2_ 8F 2 



IVi^l 2 



iv 2 ^i 2 = e; 



dF 



dzj 



Then \grad^F\ 2 = \\7 1 F\ 2 + \V2,n F \ 2 but this splitting varies (with the decompo- 
sition C" = ATf( a ) © ) as z varies in A a (£). 

We need to observe that (the proof is the same as in [5J pp. 61-62]) 

(2.5) d 2 (z)\ Vl F\ 2 +d(z)\ V2 , n F\ 2 ^d 2 (z)\v 1 F\ 2 + d(z)\v 2 , n F\ 2 (z £ A a (0). 

We write Ak, B \i the ration is bounded between two positive constants. 

We call 



and 



(/' 



l + |/(z)| 2 l + |/(z)| 5 
the spherical derivative of f(z) in the normal and complex tangent direction, re- 
spectively. From (12.51) follows that Theorem 12.31 is actually equivalent to: 

Theorem 2.4. Let D be a domain inC n , n > 1, with C 2 -smooth boundary. If a 
holomorphic function f has a limit along the normal to dD at the point £, then 
at the point £ £ dD the function f has an admissible limit if and only if in every 
admissible domain with vertex £ the spherical derivative of f in the normal and 
complex tangent directions increases like o(l/d(z)) and o(l/y/ d(z)), respectively. 

The example in the beginning of this article shows that the Lindelof principle for 
bounded functions - formulated in terms of admissible convergence - fails. However 
the following refinement of Lindelof 's theorem holds. 

Theorem 2.5. Let D be a domain inC n , n > 1, with C 2 -smooth boundary. If a 
function f in D has a limit L, L £ C, along the normal at a point £ £ dD, and 
in every admissible domain with vertex £ the function f is holomorphic, L is his 
omitted value and the spherical derivative of f in the normal and complex tangent 
directions grows no faster than Kj d(z) and K J y d(z), respectively, then f has an 
admissible limit L at £. 
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Proof. By hypothesis of the theorem L g" f{D) then (f(z) — L)^ 1 is holomorphic 
on D and has a radial limit at £ equal to oo. It is thus sufficient to consider the 
case L = oo. 

By Theorem ll.ll and hypothesis on / we have f{ir(z)) — > oo as z — > £, z G j4 a (£)n 
N^(dD). Let {z™ 1 } be any sequence of points from .A Q (£) such that z m — > £ as m — > 
oo. Since the spherical derivative of / in the normal and complex tangent directions 
grows no faster than Kjd(z) and K/y/d(z), respectively, from (j2.5[) follows 

d 2 (z)\ Vi F(z)\ 2 + d(z)\ V2 ,n F(z)\ 2 < 0(1) (z G A a (0). 



Using the notation introduced in the proof of Proposition 12.21 the Bunyakovskii- 
Schwarz inequality and the fact that d{b rn ' 1 ) ps d(z) for all z G P m ,i it follows 
that 

t4^W) " - 0(1) (ra=1 - 2 "" ) 

for all p G P and all u G C", |u| = 1. 

By Marty's criterion (see, e.g., [2]) the family {G m } are normal in U n . Since 
G m (n{z m ) = g m ,i(0) — ► oo as m — > oo it follows that the sequence {G m } converges 
uniformly on compact subsets of U n to oo. Then as in Theorem 12.31 we obtain 
f(z m ) — > oo as m —> oo. 

Since the sequence of points {z m } chosen from Ap(0) is arbitrary, this completes 
the proof that the function / has the admissible limit L at the point £. The theorem 
is proved. 

□ 

Theorem 2.6. Let D be a domain inG n , n > 1, with C 2 -smooth boundary. Let 
in every admissible domain with vertex £ the function f is holomorphic and its 
spherical derivative in the normal and complex tangent directions grows no faster 
than K/d(z) and K / \Jd{z), respectively. If 

lim f(z) = L for some /? > 0, 
then f has an admissible limit at £. 

Proof. Fix a > (3. Let {z m } be an arbitrary sequence of A a (£). Let G m = g m ,x, 
m > 1, be the sequence of function defined as in proof of Proposition 12.21 The 
family {<? mi i} is normal on P (this was proved in Theorem l2.4l) . Since f(z) — > L as 
z^Oin ^s(O), without lost a generality, we may assume that P m ,i(c) G Ap{§) for 
all m = 1, 2, . . . . Hence G m tends to L uniformly on every compact subset of P. 
By (7j Lemma 5.2] there exists c\ — min{l/2, l/2Ka} < 1/2 so that if z = 



(xi, C) G A 2a (0) is sufficiently small then x\ > d{z) > C\X\. Since = 6™' 2 — ^ x 
we have 

d(b m - 2 ) 1 
Ci < — < — . 

1 " d{b m ^) ~ ci 

Since 



■I 1 



*-„i 2 («,) = (cd(6 m ' 2 )u, + &™> 2 , c^fdib^w + b r 2 n ' 2 , c/dib^w + b™> 2 ), 

| 6 m,2_ 6 m,i| < c / 2 .d(b m ' 1 ), and |&™< 2 < cfty/dib™- 1 ), fx=l,2,...,n, the 

little calculation shows that for for all u; G -P(0, ci/4) C P 

\ Wl cd{b^ 2 ) - bT' 2 \ < "-j-^r^ib" 1 ' 1 ) + ^(b™ 1 ) < ^d(b^) 
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and 

\w,cd(b^) - < (^L + °-) v^M) < ^d(b m l ) fj, = 1,2, ... ,n, 

It follows g m ,2 takes the same values on P(0,c x /4) as / on *^ >2 (P(0, c x /4)) C 
Pm,i{c) hence g m , 2 -> £ on P(0,ci/5) C P. 

The family {g m ,2} is normal on P (this was proved in Theorem 12 .4[) hence the 
family {g m ,2} also tends to L uniformly on compact subsets of P. After finite 
steps we obtain that f(z m ) — > L as m —> oo. Since the sequence of points {z m } 
chosen from Ap(0) is arbitrary, this completes the proof that the function / has 
the admissible limit L at the point £. The theorem is proved. □ 

For bounded holomorphic functions this theorem appears in Chirka's paper pQ, 
with the proof sketched there relying on certain estimates on harmonic measures. 
A proof based on a different method was given by Ramey JjJ Theorem 2] . 
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